Orthogonal art galleries with interior walls  by Hutchinson, Joan & Kündgen, André
Discrete Applied Mathematics 154 (2006) 1563–1569
www.elsevier.com/locate/dam
Orthogonal art galleries with interior walls
Joan Hutchinsona, André Kündgenb
aDepartment of Mathematics and Computer Science, Macalester College, St. Paul, MN 55105, USA
bDepartment of Mathematics, California State University San Marcos, San Marcos, CA 92096, USA
Received 14 February 2005; received in revised form 3 January 2006; accepted 25 January 2006
Available online 13 March 2006
Abstract
Consider an art gallery formed by a polygon on n vertices with m pairs of vertices joined by interior diagonals, the interior walls.
Suppose that all walls (interior as well as exterior) are horizontal or vertical and each interior wall has an arbitrarily placed, arbitrarily
small doorway. We show that the minimum number of guards that sufﬁce to guard all such art galleries with n vertices and m interior
walls is min{(n + 2m)/4, (n + 3n/2 + m − 2)/8}.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
The original art gallery problem, posed by Klee and solved by Chvátal [1], is to ﬁnd the smallest number of guards
necessary to cover any simple polygon, called the art gallery, not necessarily convex, on n vertices. A collection of g
points, referred to as the guards, is said to cover the gallery provided that for each point of the polygon and its interior
the line segment between it and some guard does not meet the exterior of the polygon. The comb polygons in Fig. 1
show that n/3 guards are sometimes necessary—if n is not divisible by 3 simply take a comb on 3n/3 vertices and
subdivide one or two of its edges. Chvátal also showed that n/3 guards always sufﬁce. For more information on the
history of this problem and related problems, see [9,10,12].
In an orthogonal art gallery each edge of the polygon is horizontal or vertical; equivalently at each vertex the walls
meet at an angle of 90◦, 180◦ or 270◦. Kahn et al. [6] obtained the following important result, now known as the
“Orthogonal art gallery theorem”: each orthogonal art gallery on n vertices can be guarded by at most n/4 guards,
and the orthogonal comb polygons in Fig. 2 show that n/4 guards are sometimes necessary—if n is not divisible by
4 simply take a comb on 4n/4 vertices and subdivide one of its edges until we have n vertices. There have been a
number of other proofs of the orthogonal art gallery theorem (see [11,12]).
In [5] the idea of interior walls was introduced (see [2] for a similar idea). An interior wall is an interior diagonal
(connecting two vertices) with an arbitrarily placed, arbitrarily small opening, the doorway. A guard on one side of
this interior wall cannot see the other side, but a guard standing in the doorway can see in both directions. We also
require that the diagonals forming the interior walls are non-intersecting, except for possibly at a common endpoint.
Fig. 3 gives an example of an art gallery with interior walls, which is moreover orthogonal. In [7] it is shown that every
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Fig. 1. Comb polygons.
Fig. 2. Orthogonal comb polygons.
Fig. 3. An orthogonal art gallery with interior walls L(13, 3, 4).
n-vertex art gallery with interior walls can be guarded by (2n − 3)/3 guards, and that sometimes this many guards
are necessary. A more detailed analysis [8,4] shows that every art gallery with n vertices and m interior walls can be
guarded by
min
{⌊
n + 2m
3
⌋
,
⌊
2n − 3
3
⌋
,
⌊
2n + m − 2
4
⌋}
(1)
guards, and this many guards are sometimes necessary.
In this paper we address the natural question of orthogonal art galleries with interior walls which are horizontal or
vertical as well. Our main result is
Theorem 1. The minimum number of guards that sufﬁce to cover all such orthogonal art galleries with n vertices and
m interior walls is
min
{⌊
n + 2m
4
⌋
,
⌊
n + 3n/2 + m − 2
8
⌋}
.
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2. The basics
Throughout this paper an art gallery refers to the boundary and the inside of a polygon with n vertices and m interior
walls. The edges on the boundary of the gallery are called the exterior walls.
Each art gallery hasm+1 rooms, where a room is a region (including its boundary) in the art gallery whose boundary
consists of walls and whose interior contains no walls. A guard in a room covers all points in this room such that the
line segment between the guard and the point is contained in the room. The only guards that can cover points from
more than one room are those stationed in doorways, as they can cover points in both the rooms that they are incident
with. If a guard is positioned at an interior wall or a vertex that is incident to several rooms, then it can cover only
points from one of these rooms. To this effect we say that a corner is a pair (v, r) where v is a vertex and r is a room
containing v. Thus instead of placing a guard at a vertex, we are really placing it in a corner.
We denote art galleries by capital letters, frequently followed by a triple (n,m, g) where n is the number of vertices,
m is the number of interior walls and g is the minimum number of guards necessary to cover the entire gallery. For an
example, see L(13, 3, 4) in Fig. 3.
To motivate our proofs we will give Fisk’s [3] elegant proof of Chvátal’s result that every general art gallery with
m = 0 can be covered by n/3 guards:
First triangulate the polygon. Now the vertices can be partitioned into three classes such that each triangle in the
triangulation has vertices from all three classes. Putting a guard at each vertex of the smallest class gives a cover by at
most n/3 guards. This beautiful proof idea is at the heart of many art gallery theorems, including [4,7,8].
The following deﬁnitions and Lemma 2 reformulate the partitioning idea in a way that is convenient for us: If we add
additional interior diagonals, called chords, to a gallery such that no chord intersects an interior wall or other chord,
except maybe at a common endpoint, then we obtain a decomposition of the gallery. A region of this decomposition
consists of a region (including its boundary) in this art gallerywhose boundary consists ofwalls and/or chords, butwhose
interior contains none of these. A decomposition is convex if all its regions are convex. For example, a triangulation is
a convex decomposition all of whose regions are triangles. A k-cover of a decomposition is a collection of points in the
art gallery, called checkpoints, (some of which may have multiplicity greater than 1), such that each region contains
exactly k checkpoints.
Lemma 2. If a convex decomposition of an art gallery has a k-cover with N checkpoints, then the art gallery can be
covered by at most N/k guards.
Proof. It sufﬁces to partition the checkpoints into k classes, so that every region has a checkpoint from each class.
Then picking the smallest class gives a suitable set of guards. We produce such a partition by induction on the number
of regions, with trivial base step. For a gallery on more than one region we can ﬁnd a region R which shares a boundary
with only one other region R′. Now ﬁnd a partition for the gallery in which R − R′ is removed. Since each checkpoint
in R that is in R′ must be in a different class, the partition can be extended to R. 
Fisk’s proof is now simply the statement that when m = 0, then the n corners form a 3-cover of any triangulation.
In general an art gallery has n + 2m corners, since each interior wall increases the number of corners by two. The
corners form a 3-cover of any triangulation, and thus we can cover each art gallery by (n + 2m)/3 guards, the ﬁrst
upper bound in (1). The second upper bound in (1) follows since putting a checkpoint on each exterior wall, doorway
and chord similarly yields a 3-cover with 2n − 3 checkpoints. Finally the third upper bound is established in [4] by a
more sophisticated 4-cover.
3. Orthogonal art galleries
Recall that in an orthogonal art gallery, every wall (interior as well as exterior) is horizontal or vertical. This implies
that we have three types of vertices and corners: Convex (interior angle 90◦), straight (interior angle 180◦) and reﬂex
(interior angle 270◦). For example, of the 13 vertices of L(13, 3, 4) exactly 1 is straight, 8 are convex and 4 are reﬂex.
Similarly, of the 19 corners 1 is straight, 1 is reﬂex and the remaining 17 are convex. An orthogonal art gallery always
has 4 more convex vertices than reﬂex vertices.
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Fig. 4. The comb polygon C(8, 0, 2).
For orthogonal art galleries quadrilateralizations play the same role as triangulations for general art galleries.
A quadrilateralization of an orthogonal art gallery is a convex decomposition in which each region is a convex quadri-
lateral whose vertices are reﬂex or convex corners in the room containing it, and which contains no other such corners.
For example, there is a unique quadrilateralization of the gallery L in Fig. 3: draw a chord from the reﬂex corner to the
straight vertex.
The main step in the proof of the orthogonal art gallery theorem given in [6] is the result that every orthogonal art
gallery without interior walls and straight vertices has a quadrilateralization. This can be easily used to ﬁnd a
quadrilateralization for orthogonal art galleries with interior walls:Apply the result to each room separately; to be able
to apply the result to a room it sufﬁces to ignore all of its straight corners. We observe that a quadrilateralization can
have no more than (n − 4)/2 chords and interior walls: if there are d such diagonals, then there are d + 1 regions,
and thus 4(d + 1) vertices of such regions. On the other hand, this number is at most n + 2d and d(n − 4)/2
follows.
By the properties of the quadrilateralization we see that putting a checkpoint into every convex and reﬂex corner
yields a 4-cover. Since there are n + 2m corners altogether, we obtain immediately:
Lemma 3. Every orthogonal art gallery with n vertices and m interior walls can be covered by (n+ 2m)/4 guards.
The orthogonal art gallery theorem is the special case m = 0. Lemma 3 gives the ﬁrst upper bound for Theorem 1,
with the second one at the end of this paper. Next we present galleries that are hard to guard.
4. Constructions
We need two different types of constructions; the ﬁrst one basically treats the case when (n + 2m)/4(n +
3n/2 + m − 2)/8:
Lemma 4. If 0m(n − 4)/6, then there is an orthogonal art gallery G(n,m, (n + 2m)/4).
Proof. To obtain such an art gallery G we start with an orthogonal comb polygon and attach m of the C-shaped galleries
in Fig. 4. To be able to attach a C with the leftmost wall w to an already existing art gallery A(n′,m′, g′) we only need
that A has two consecutive vertices (on the exterior) that are each either straight or convex. Since the number of reﬂex
vertices in an orthogonal art gallery is smaller than the number of non-reﬂex vertices, it is possible to attach C in this
fashion to any A. If we now put the doorway in w exactly in the center, then even if a guard from A can be placed in the
doorway of w, that guard still can not see either branch of the C, so that those will require one additional guard each.
Thus we obtain a gallery A′(n′ + 6,m′ + 1, g′ + 2).
If we let n = 6m + n′, then n′4 and we can take an orthogonal comb polygon on n′ vertices and attach m copies
of C, one at a time. This yields an orthogonal art gallery G(n,m, g) with
g =
⌊
n′
4
⌋
+ 2m =
⌊
n′ + 8m
4
⌋
=
⌊
n + 2m
4
⌋
. 
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Fig. 5. The tough gallery T (10, 3, 3).
For m>(n − 4)/6, the situation is a bit more challenging. Let g(n,m) = (n + 3n/2 + m − 2)/8 and call an
orthogonal art gallery G(n,m, g) tough (to guard) if it requires g=g(n,m) guards. For example the gallery T in Fig. 5
is tough since g(10, 3) = 3.
The following lemma will ﬁnish the proof of the lower bound for Theorem 1 since no orthogonal art gallery can
have more than (n − 4)/2 interior walls (and chords).
Lemma 5. For all integers n,m with n4 and (n − 9)/6m(n − 4)/2 there are tough galleries with n vertices
and m interior walls.
Proof. Observe that g(n + 6,m + 1) = g(n,m) + 2, so that attaching a C to a tough gallery yields a tough gallery.
Similarly, if we attach a T (see Fig. 5) with the line segment from a to b to a tough art gallery and put the new doorway
anywhere on that segment, then we obtain another tough gallery, since g(n + 8,m + 4) = g(n,m) + 3. Observe that
in order to attach T in this fashion the original gallery must have two consecutive convex vertices—it is easy to verify
that all galleries in what follows have this property.
For n7 (and thus m1) a tough gallery needs 1 guard, thus any gallery works for these cases. For n = 8 a tough
gallery requires 2 guards and this is achieved by a C (for m = 0), a T with a sideroom removed (for m = 2) and by
removing the two siderooms from the L in Fig. 3 (for m = 1). Tough galleries for n = 9 are obtained from those for
n = 8 by subdividing some exterior wall.
So let n10. We can obtain a tough gallery by adding a C to a tough gallery on n′ = n − 6 vertices and m′ = m − 1
interior walls, as long as (n′ − 9)/6m′(n′ − 4)/2. The ﬁrst inequality is satisﬁed, and the second corresponds to
m(n − 8)/2.
For (n − 7)/2m(n − 4)/2 we can obtain a tough gallery by adding a T to a tough gallery on n′ = n − 8 vertices
and m′ =m− 4 interior walls, as long as n′4 and (n′ − 9)/6m′(n′ − 4)/2. These inequalities are satisﬁed unless
n = 10, 11 or (n + 7)/6>m since the last inequality is always satisﬁed. However, for n14 we automatically have
m(n − 7)/2(n + 7)/6.
Thus it remains to exhibit the tough galleriesG1(10, 2, 3),G2(10, 3, 3),G3(11, 2, 3),G4(11, 3, 3),G5(12, 3, 3), and
G6(13, 3, 4). Observe that G2 = T (10, 3, 3), G6 =L(13, 3, 4) (recall Fig. 3) and G1 can be obtained from L(13, 3, 4)
by removing the rightmost sideroom. Now G3 can be obtained from G1 by inserting an additional straight vertex into
some exterior wall. Finally, G4 and G5 can be obtained similarly from G2. 
5. The remaining upper bound
To ﬁnish the proof of Theorem 1 it sufﬁces by Lemma 2 to show:
Lemma 6. For each quadrilateralization of an orthogonal art gallery G(n,m, g) there is an 8-cover with at most
n + 3n/2 + m − 2 checkpoints.
Proof. Consider the following collection C of checkpoints in G:
1. Interior walls: place 2 checkpoints in each doorway,
2. Chords: place 1 checkpoint anywhere on the chord,
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3. Reﬂex corners: place 2 checkpoints in each reﬂex corner,
4. Convex corners: place 1 checkpoint at each exterior wall that meets this corner.
We ﬁrst show that |C|n + 3n/2 + m − 2: Since we have at most n/2 − 2 chords and interior walls,
there are at most n/2 − 2 + m checkpoints of the ﬁrst two types. Combining the other two types we see that
each vertex has exactly 2 checkpoints, except straight vertices without interior walls (with 0 checkpoints, which
can be ignored anyhow) and reﬂex vertices with exactly 1 interior wall (1 checkpoint). So we have at most 2n
additional checkpoints. When n is even, then 2n = n + 2n/2 and |C| has the right size. When n is odd, then
we must save one; we can do so by showing that at least one corner is straight. Observe that we have an odd
number (n + 2m) of corners, and if none of them was straight, then each would have angle 90◦ or 3 · 90◦ and
the angle-sum would be an odd multiple of 90◦. However, it is easy to see that the angle-sum is (2n − 4)90◦, a
contradiction.
Next we show that every region contains at least 8 checkpoints.We show this separately for each room, so consider a
ﬁxed room R. In order to simplify the argument, wemove the 2 checkpoints from each interior wall which is contained in
some boundary segment uv of R to the vertices on uv, one of them near u and the other near v. These new checkpoints
cover the same region as the old checkpoints did, but now each convex corner of R has a checkpoint on each wall
incident with it. Thus it sufﬁces to prove that the following collection of checkpoints meets each region of R in at least
8 points:
1. Chord uv: place 1 checkpoint anywhere on the chord,
2. Reﬂex corner v: place 2 checkpoints at each reﬂex corner,
3. Convex corner v: place 1 checkpoint at each wall near every convex corner.
Let r =ABCD be any region of R, with the vertices of r labeled in the clockwise direction. If any of the checkpoints
above are in r, then we say that v contributes them. To get an accurate count we must be careful to count each chord
checkpoint only once. A northeast corner, in short NE, is a convex corner v whose walls go in negative x- and negative
y-direction from v respectively. The other directions are similarly assigned.
Case 1: AB, BC are walls (possibly containing straight corners). B is a convex corner, say a NW corner, and so it
contributes 2 checkpoints. Furthermore, each of A,C contributes 2 checkpoints (whether both boundaries incident to
them are walls or not). Thus if D is a reﬂex corner, then it contributes the ﬁnal 2 checkpoints and we are done. Otherwise
we may assume that D is convex, and thus a SE corner. If CD is a wall, then we get a contribution from it at D. Finally if
CD is a chord, then C is a reﬂex corner and has its own contribution of 2, so that the chord can contribute to D instead.
Similarly, DA yields a contribution at D, ﬁnishing this case.
Case 2: None of A,B,C,D is incident to two walls that are boundaries of r. In this case every interior angle of r,
greater than or equal 90◦, belongs to a reﬂex corner. Observe that r must have at least 2 such reﬂex corners: If A,B,C
were all convex, then we may assume that B is a NW corner and that BC is not a wall. Thus C is a SE corner and A is
either a SW corner (if AB is a wall) or a SE corner (if AB is a chord), but in either case there is no choice for D that
makes r convex.
If all 4 boundaries are chords, then we get a checkpoint for each, plus 4 for the reﬂex corners, totaling at least 8. If 2
boundaries are (necessarily opposite) walls, then each convex corner still contributes 1 checkpoint, and together with
the 2 chord and 4 reﬂex checkpoints we again get 8. Finally suppose that AB is the only boundary which is a wall, so
we have 3 chords. If either of A or B is convex, then it contributes an additional checkpoint to the 4 reﬂex points and
we are done. So we may suppose that A,B are reﬂex corners, and that AB and CD are parallel or their extensions meet
closer to B than to A. A quick examination shows that in this case C must also be a reﬂex corner, ﬁnishing the proof
that each region contains at least 8 checkpoints.
Unfortunately, C may not be the desired 8-cover, since some regions may contain more than 8 checkpoints. For each
such region r we will remove the excess checkpoints as follows: at most 8 of the checkpoints in r are of the “reﬂex
corner” type. Thus we can label enough checkpoints of the other three types in r with the label “remove from r” so
that exactly 8 checkpoints remain unlabeled. After we ﬁnish the labeling for each room we obtain the desired 8-cover
as follows: delete each convex corner checkpoint labeled “remove” and each interior wall or chord checkpoint labeled
“remove” from both regions it is incident to; for each interior wall or chord checkpoint c labeled “remove from r” for
only one incident region r, move c from the boundary to the interior of the other region r ′ that is incident with c (and
thus out of r). 
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